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An experimental investigation into the effects of nonlinearities on the ground resonance behavior of rotorcraft
is conducted and the results correlated with analytical predictions. The experimental techniques and results are
described in detail and representative graphs of the observed behavior are shown and discussed. It is found that
responses of destructively high amplitude may occur in systems for which a linear analysis predicts stable

behavior.

Nomenclature

b = number of rotor blades

¢, = linear blade damping

¢, = linear roll (x) damping

¢, = linear pitch (y) damping

Cp = Cb/ wo

Cr = C/wp

Cy = Cy/ wo

f» = frictional blade damping

b = Jo/wf

Jav = total nonlinear blade damping
[db = fan/ w(z)

Jax = total nonlinear roll (x) damping

Jax= S/ <ol’(z)

Jay = total nonlinear pitch (y) damping
J dy = fy/ ‘*’%

Jx = frictional roll (x) damping

fx = fx/ wﬁ

Jy = frictional pitch (y) damping
Sy =1 v/ w%)

g, = hydraulic blade damping

2 = g

g, = hydraulic roll (x) damping

8 = 8x

gy = hydraulic pitch (y) damping
gy = 8

h = height of rotor above gimbal support
hp = cubic blade damping

hb = wohb

hy = cubic roll (x) damping

hx = thx

h, = cubic pitch (y) damping

hy = wohy

I, = blade mass moment of inertia
I, = inertia about roll (x) axis

I, = inertia about pitch (y) axis

L = blade length
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l,, = blade lagging hinge offset

p; = linear blade stiffness

p? = linear roll (x) stiffness

pg = linear pitch (y) stiffness

2y = pyfeg

Py = py/eg

py =D v / @Wo

S = first moment of blade inertia about the lag hinge
w = rotor speed

wy = nominal rotor speed

@ = nondimensional rotor speed w/wq
Y = wt +(kn/b)

Subscript
k = blade index number

Superscripts

= derivative with respect to time
" = derivative with respect to 7

Introduction

LTHOUGH the techniques for studying linear systems

are very well developed, the modeling and analysis of
nonlinear systems is, at best, a difficult undertaking and, for
large order systems, a nearly impossible task. For these rea-
sons, most modeling and analysis that is performed on dynam-
ical systems is done under the assumption that the behavior of
interest can be accurately described by a linear model. For
many mechanical systems, such linear models provide a good
approximation to the actual system. However for systems with
strong nonlinearities, linear models yield results that poorly
approximate the observed behavior. Helicopters are highly
nonlinear devices and it is thus of interest to determine how
various nonlinearities affect their behavior. In this study, a
particular mode of helicopter vibration known as ground reso-
nance is examined for the effect of nonlinearities on the ob-
served responses.

The ground resonance phenomenon is a highly destructive
instability that can occur when a helicopter is in contact with
the ground. It has been observed since the early days of heli-
copter development, and a number of helicopters have been
destroyed or badly damaged as a result of its effects. Work by
Coleman and Feingold,' using a linear model, indicates that
linearly unstable responses can occur over a finite range of



726 G. T. FLOWERS AND B. H. TONGUE

rotor speeds, as shown in Fig. 1. This research indicates that
increasing the system damping tended to decrease the extent of
the rotor speed regime that leads to unstable behavior. Ground
resonance has been countered using a number of different
approaches suggested by linear analyses, including the inclu-
sion of dampers for the lead-lag motions of the rotor set and
designing of the nominal helicopter operating speed so as to

. avoid the rotor-speed range in which destructive vibrations can
develop.

A question can be raised as to how nonlinear effects can
alter the behavior one might expect from the results of a linear
analysis. Intuitively, one might expect finite amplitude limit
cycles to exist within the linearly unstable region if nonlinear
restoring forces were sufficient to counter the linearly destabi-
lizing effects. Although such behavior does occur, work by
Tongue? indicates that it was possible to have responses of
destructively high amplitude at rotor speeds that are outside of
the linearly unstable regime (see Fig. 2). These results were
obtained from an examination of a single-degree-of-freedom
fuselage with hydraulic damping nonlinearities in the landing
gear. This work was later extended to consider damping non-
linearities in the blades.® Tang and Dowell* added a degree of
freedom to the fuselage model and used Tongue’s iterative
solution technique to locate limit cycles for the case of nonlin-
earities in the blades and landing gear. In this work the nonlin-
earities also included a dry frictional damping term. The ana-
lytical solutions did not consider the full effect of geometric
nonlinear terms but was restricted to a retention of second-or-
der terms. Some experimental results that were in reasonable
agreement with the theoretical predictions were given. One
finding was that for a large initial disturbance, the actual
model exhibited an oscillatory growth, rather than the decay
predicted by the theory, an effect that was attributed to prob-
lems in the parameter identification. Finally, in Ref. 5, Tang
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Fig.1 Amplitude of body motion vs rotor speed for the linear
ground resonance model.

— STABLE LIMIT CYCLE
=~ UNSTABLE LIMIT CYCLE

) o002 .

° T, *INDICATED ON CURVES

2 v *025

= nea

Q& 2f

g

<

M

=

o

g

-

=] F R L \*0\4

=] 77 e s

m | é/ 036
/4

i 2
Rotor Speed

Fig.2 Amplitude of body motion vs rotor speed for the ground
resonance model with a nonlinear landing gear damper.
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and Dowell presented the equations of motion for a model in
which both the rotor and the fuselage possessed pitch and roll
degrees of freedom. Three simplified cases were examined and
compared to experimental results. Again, the nonlinear terms
were dry friction and hydraulic nonlinearities. In addition to
finding a reasonable match between theory and experiment,
they noted that small differences in the properties of the indi-
vidual blade damping led to differences in the individual blade
limit cycle behavior.

In the present study, experimental responses and analytical
predictions are correlated. The experimental model, although
linearly stable for all rotor speeds under a linear analysis, is
shown to exhibit finite amplitude limit cycle responses. Thus,
it is shown that a linearized analysis for studying the ground
resonance behavior of a rotorcraft does not give a conservative
estimate of the craft’s responses, and the use of such linearized
models in design or analysis work could lead to difficulties.
Essentially, the results suggest that a linearly stable craft, sub-
jected to a hard excitation (such as a hard landing), can exhibit
a destructive response.

Analytical Model

Assumptions

The experimental model consists of a rotor attached to a
gimballed support, which is restrained by springs and dampers
(see Fig. 3). The allowable motions consist of rotations about
two axes.

To develop a suitable ground resonance model, the follow-
ing assumptions were made:

1) The body was modeled as a rigid body.

2) Body motion was limited to roll and pitch about the body
center of mass.

3) Gravitational effects were neglected.

4) Rotor dynamics were modeled using four identical,
equally spaced, rigid blades with root springs and dampers.

5) Rotor speed was constant.

6) Inertia of blades about the blade pitch axis was neglected.

7) Tail rotor dynamics were neglected.

8) Aerodynamical effects were neglected.

Whereas these assumptions produce a greatly simplified
model, the full nonlinear equations of motion are still quite
lengthy and contain many terms.® Further simplifications must
be made if the equations are to be analyzed. The procedure
used in this study consisted of examining the relative contribu-
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Fig. 3 Experimental ground resonance model.
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tion of each of the nonlinear terms to the overall response.
This study indicates that, for the cases examined, the nonlinear
damping terms were the primary nonlinear effect. The effects
of the other nonlinear terms were negligible in comparison.
The model was reduced by linearizing about an equilibrium
operating condition and adding selected nonlinearities in the
form of damping terms.
The simplified dynamical equations that resulted were

L+ Fop 4 plx = hSkﬁl:l [ sin)+ w2t costi)

— 2 sinv)| _ M
L5+ Fuy+ 03y = ~hS Y [Ee costh) ot sint)

~ 2wk cos(yx )] _ ' @
Io¥x + Fe+pRtp + 1 Sw, = hS [x sin(¥,) —j cos(¢k)] &)

The parameter variation studies performed in this research
were done by altering the physical components of the model
that are relatively easy to quantitize, i.e., the body inertias,
blade lengths, and body stiffnesses. As a result, it is not desir-
able to completely nondimensionalize the equations of mo-
tion. However, it is desirable to express them in nondimension-
alized time form so that the relative rotor speeds can be more
easily understood. If the time scale 7 is introduced, where
T=wl, then Eqgs. (1-3) become

Lox” + Fy+ pix = hskf;1 [£¢ sinwi) + 3, cosi)

“2at sing)] @
Ly" +Fy+ply =~ hskf;l [Eé’ cos(yx) — &% sin(yx)

— 26 cos()| ) ©)
L5+ Fyo+ B+ LS = hS [x” sin()

~»" costy)] ©)

The primary nonlinearities that are retained are those associ-
ated with the damping of the system.

Limit Cycle Analysis

In an earlier paper,® a detailed discussion of the limit-cycle
analysis of Egs. (4-6) is given. The essence of this approach is
to represent each of the dynamical variables as a sinusoid at a
given frequency. These terms are then substituted into the
nonlinear equations, and Galerkin averaging is applied to re-
tain only those oscillations that occurred at the assumed fre-
quency. If higher harmonics are not significant in the output
of the integrated equations, then neglecting these terms will
not significantly impair the accuracy of the limit-cycle determi-
nation.

To carry out the fully nonlinear analysis, motion of the
following form is assumed:

§1=A cos(wpt) Q)
§2=—A sin(wpt) 3
§3=—A cos(wp?) ®
£4=A sin(wy?) (10)

x =X, cos(wgt) + X sin(wyt) (11)
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y =Y. cos(w,t) + Y, sin(wgt) (12)

Note that, based on the numerical investigations, the as-
sumption is made that w is equal to «, +w,. The limit cycle
methodology stems from the observation that Egs. (7-12)
should be good approximations to the actual response, as seen
in the numerical simulations. If Eqs. (7-12) are substituted
into Eqgs. (4-6) and all spectral components expanded out, one
would expect to generate a large variety of spectral responses,
i.e., responses at w,, wp, w+ wg, etc. Logically, all harmonics
other than those at w, for the body and those at w, for the
blades should cancel out of the resulting equations. Therefore,
an accurate set of equations for the limit-cycle amplitudes
should be obtained by simply retaining those terms that yield
responses at w, for Eqgs. (4) and (5) and at w, for Eq. (6). The
preceding methodology was implemented, resulting in a set of
algebraic equations.

Solutions to the equations for fixed parameter values and
varying rotor speeds were found using a numerical analysis
procedure employing the Newton-Raphson technique.

Experimental Study

Experimental Apparatus

The basic structure of the experimental rotorcraft model
was designed at Princeton University in the 1960s by Richard
Bielawa. The original design was meant to serve as an approx-
imate scale model for the Hiller light observation helicopter. It
was later used at Duke University by Earl H. Dowell and D. M.
Tang. This model was donated to the present project by
Howard C. Curtiss, Professor of Mechanical and Aerospace
Engineering at Princeton University. A schematic of the struc-
ture is shown in Fig. 3. The inertia, stiffness, and damping of
the gimballed shaft are adjustable.

The original model has been substantially modified in sev-
eral ways. The rotor system initially had three blades, each of’
which had an attached airfoil. The three-bladed rotor head was
replaced with a four-bladed design to allow direct comparisons
with previous work.2 As suggested by Bousman,? rods with a
circular cross section were used instead of conventional blades
equipped with airfoils. The effect of the circular cross section
is to reduce the slope of the lift curve to zero to simulate in
vacuo conditions. This can be seen in the following way. The
Lock number is a measure of the effect of aerodynamic forces
on the blade dynamics and is defined as

I‘=ch“/Ib(a + Cdo)

For a zero lift slope, the magnitude of the Lock number is
reduced to about 0.2% of the value it would be if conventional
aerodynamic blades were used.’

The speed of the motor installed originally on the model was
controlled by varying the resistance in the power supply lines
and so changing the amount of current supplied. Preliminary
testing indicated that this method of speed control permitted
speed variation of several radians per second, particularly as
the temperature of the resistance coil began to increase. One of
the primary assumptions of the previous analyses has been the
constancy of the rotor speed. Thus, a more precise control was
required. A motor equipped with a feedback torque and speed
controlier was installed on the craft. Testing of this unit
showed that the rotor speed varied less than 0.2 rad/s and was
judged to provide acceptable speed control.

Measurement Apparatus

Rotary variable differential transformers (RVDT) were used
to measure the angular motion of the fuselage and blades.
Voltage amplifiers provided £ 15 V dc to the RVDTs and a
reference signal for a mechanical switching assembly used to
measure the rotor speed. Capture of the analog signals from
the RVDTs was accomplished with an RTI-800 multifunction
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input/output board. Eight channels for differential inputs
were available on this board. Six of the channels were used to
obtain readings of the blade and rotor positions, and one
channel served as an input for the signal from the speed mea-
surement apparatus. The board was configured to read input
signals of +10.0 V, which were converted by a 12-bit, analog-
to-digital converter with a resolution of 12 bits and stored in
the memory of an IBM PC/XT, which served as the controller
for this data acquisition system. The data acquisition software
was written in BASIC and compiled. A complete reading of all
seven of the input channels could be performed approximately
every 0.03 s, which was quite sufficient for the low-frequency
signals encountered in this study. Tests of this system showed
that the measured signals had only low levels of contaminating
noise, and it was therefore felt that addmonal filtering was
unnecessary.

Parameter Identification

In any experimental investigation, it is of critical importance
to be able to determine the parameters of the experimental
apparatus. This is particularly true in this case, as the correct
determmatlon of the system parameters, both linear and non-
linear, is crucial to any conclusions that are to be drawn. The
parameters were estimated by several different procedures
and, where possible, the resulting parameters were cross
checked using alternate methods. -

The parameters S, I,, I, and I, were calculated directly
from a knowledge of the 1nd1v1dua1 mass’ and length of the
structural elements. The fuselage stiffnesses were calculated
from tests of the natural frequency of ‘oscillation with the
dampers removed and the blades locked and from direct mea-
surement of the displacement caused by a specified force.

As is true with most mechanical systems, the damping of the
experxmental model was' difficult to characterize. The inclu-
sion of different types of dampmg in the analytical test proce-
dure indicated that frictional, linear, hydraulic, and cubic
terms were required to provide an accurate model of the sys-
tem damping. So, polynomial damping functions of the fol-
lowing form were assumed for the blade and body damping.

Fe=8x’ +hex' | x| + 8x"3+F, sign(x’)
Fy=8y' +hy' |y’ | +8y3+], sign(»")
Fy=8eth + hekh | EL] + 20843 +7, sign(8h)

The experimental procedure for determining the fuselage
damping consisted of attaching a mass to the end of one blade
and locking the blades to the rotor hub so that lead-lag motion
was eliminated. This resulted in a sinusoidal excitation of the
fuselage when the rotor was allowed to rotate. A proximity
sensor was used to trigger the data acquisition system so that
the phase between the motion of the rotor head and the motion
of the fuselage could be determined. Responses for several
different rotor speeds were measured, and the body damping
and stiffriesses were estimated using a least-squares fit of the
data from each of the speeds. This is in effect averaging the
parameters over several different sets of data. The results were
quite good in general. For four or more sets of the data, the
identification routine converged well w1th good consistency
and realistic parameters

Determination of the blade damping was more difficult.
Two techniques were used that gave comparable results. The
first consisted of recording the impulse response of each of the
blades and fitting a polynomial curve to the resulting data. The
equation for the trajectory could then be differentiated with
respect to time and substituted into the equation of motion for
the rotor blade. Then, a least-squares identification routine
was used to identify the blade-damping ] parameters assuming
the presence of frictional, linear, hydraulic, and cubic damp-
ing. The second approach consisted of minimizing an error
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function based on the weighted differences between the exper-
imentally determined amplitudes and frequencies and the ana-
lytically determined ones for limit-cycle motion of the madel.
The analytical values are found from the solutions of the non-
linear set of algebraic equations produced by a harmonic bal-
ance of the equations of motion. In the identification, it is vital
that a first estimate for the parameters be close to actual pa-
rameter values so that convergence will occur. For the cases
studied here, the parameters from the impulse response were
used for the initial parameter values. Typical blade and body
parameters are shown in Table 1.

Test Procedure

The test procedure has consisted of varying the rotor speed
and perturbing the system with an input to the fuselage until a
steady oscillation of the model on its gimballed support is
observed. Then, after the oscillations appear to have stabi-
lized, readings of the position for each of the fuselage and
blade motions were recorded for approximately 1 min. This
data was transferred from the IBM PC/XT to a VAX 11/750
and processed to transform the voltage readings of the RVDTs
to angular position in radians. The resulting information was
then Fourier analyzed to determine the frequenc1es and ampli-
tudes of the responses.

Experimental Results

A series of parameter variation studies was performed on
the experimental model. It is important to notice that the

Table1 Typical experimental model parameters

Parameter Value Units
S . 0.0202 ’ Ib-s2
h 21.0 in.
Ivh 3.0 in,
Iy 0.3347 Ib-in,-s2
I 17.8 Ib-in.-s2
I, 12.9 1b-in.-s2
e 0.0518 Ib-in.-s?
Cx 2.37 lb-in.-s2
[ 2.37 1b-in.-s?
- —0.0669 1b-in.-s2
Bx —66.5 Ib-in.-s2
By —66.5 Ib-in.-s2
N3 0.0005 Ib-in.-s?
fe 0.0001 Ib-in.-s2
7 0.0001 Ib-in.-s2
ﬁi 5.19 Ib-in.-s2
By 1176.3 1b-in.-s2
By 01176.3 Tb-in.-s2
T 5.827 in.-lb-s2
ky 4.57 in.-1b-s?
wo 15.5 rad/s
~0.90
B0 T
=) ]
9 -1.104
[0] 4
S 1 T
2120 J
B ~1.30 3
R
6 -1.50 3
v ]
_1-60 -‘l'l'lll|||||l|||I|I|T|||T[||‘7T||r] ‘
7 0.93 1.09 1.25 1.41

ROTOR SPEED (rad./sec.)

Fig. 4 Eigenanalysis for ground resonance model.



JULY-AUGUST 1990 EFFECTS OF NONLINEARITIES ON GROUND RESONANCE 729

Experimental Case 1: —
Andlytical Case 1: o
Experimentat Case 2: - -
Analytical Case 2: +
Experimental Case 3:
Analytical Case 3: v

o
>
<

o
Gt
<)

0.20

o
o

T B U B AT A ST ST A

LA B S B e

71081 091
ROTOR SPEE

Blade Lagging Amplitude (rad.)

o
=3
o®
[\ N

rod /sec )

©
o

Experimental Case 1:
Analytical Case 1: a
Experimental Case 2: . — _
Anolytical Case 2:
Experimental Case 3: ..
Analytied! Case 3: °

o o
Q o
. wn [e4)

YRR T T T S R NS NS TR N T OO T N S N N B |

©
o}
&

°
o
S

Body Pitch, Y, Amplitude (rad.)

LB e e

71 081 091 101 141 1.21
ROTOR SPEED (rad./sec.)

o
|

0:10
Experimental Case 1:
Analytical Case 1: ‘o
Experimental Case 2: - - -

0.08 Andlytical Case 2: +

. Experimental Case 3:
Analytical Case 3: °

I
<}
&

e
o
.

Body Roll, X, Amplitude (rad.)
o
(9]

PUT R T NN SN0 SN T S VU0V T S TS TRY U O S M 1

s||||||xg||||||1x|s||x

71081 081 101 1.1 129
ROTOR SPEED (rod /sec)

o]

Experimental Case 1:
Analytical Case 1: a
Experimental Case 2: .. ..
Analytical Case 2:
Experimental Case 3:
Analytical Case 3: °

@
o
©

°
>
w

=} <}
Ny o
© ©

TS0 N O YA [N S TR T BT Y OO S S S N B

o©
©

||||||||||||||||'||'|xx|||

71 081, 091 101 1.11. 1.21
ROTOR SPEED (rad./sec.)

Blade Lagging Frequency (rad./sec.)
(=]

Fig. 5 Experlmental responses for varymg body inertias: case 1, I, =12.9 in. -Ib-s3; case 2, 1,=14.25 ll‘I.-lb-Sz' and case 3, Iy =16.0 in.-Ib-s2,

—~ B
o ~ | Experimental Case 1:
©0.40 Analytical Case 1: o
~— B Expenmental Cose 2: _ . _
4 Analytical Case 2: +

g 4 Experimental Case 3: . ...
_3 0.30 Analytical Case 3: °
& 1
£ ]

0.20
o 4
£ 1
o 4
20.10 -
— -
® ]
'8 p
D_jo.oo_1||||||l|||-117|||||||

071 081 091 1.01 111 1.21
ROTOR SPEED (rad./sec.)

0.10
Experimental Cose 1:
Analytical Case 1: a
Experimental. Casé 20 _ _ _

0.08 Analytical Case 2: +

. Experimental Case 3:
Analytical Case 3: °

o
(o]
6]
PR SN TRY VOO N TR TN O TN NUSK O 00 N N S I S 1

0.00 +rr Tt
071 081 081 101 111 121
ROTOR SPEED- (rad./sec.)

Body Pitch, Y, Amplitude (rad.).

0.10

Experimental Case 1: _____
Analytical Case 1: a
Experimental Caose 2: _ _ _
Analytical Case 2:
Experimental Case 3:
Analytical Case 3:

0.08

PRS WS Y S [ U VURR YN T NN NS TS T YO N T T §

Body Roll, X, Amplitude (rad.)
o
o

0.00 IlIl|IIII||IIr|lIII|llII|
071 081 0.91 1.01 .11 1.21

ROTOR SPEED (rod /sec.)

Experimental Case 1:
Analytical Case 1: a
Experimental Case 2: = .
Analytical Case 2: -+

©

o
0
©

Experimental Case 3:
Analyticdl Case 3:

© o
w IS
w [te]

o
o
©

FURSE T TR T N SN T U DU T SO T N AN N T H B

=4
©

L AL A00 S T N N N B N T B B M O O B L I

71 0.81 " 0.91 1.01 111 1.21
ROTOR SPEED (rad./sec.)

Blade - Lagging Frequency (rad./sec.)
o

Flg 6 Experlmental responses for varymg blade lengths: case 1, L=205i in., I = 0 335 lb-lﬁ.-s2 S =0.020 1b-s2; case 2, L =17.5 in., I =0.270
1b-in.-s2, § =0.018 1b-s%; and case 3, L =16.5 in., I =0.260 lb-ln -s2, § =0.017 Ib-s2.

observed responses are for a mod_el that is linearly stable. That
is, an analysis of the linear system would show that the steady
state responses are of zero amplitude and the response-to an
initial perturbation will decay to zero, as indicated by the fact
that all eigenvalues have negative real parts (Fig. 4). Nonzero
responses are seen becausé the system is perturbed beyond the
region of linear stability so that nonlinear effects become
important. As a result, finite amplitude limit cycles ‘are ob-
served. Figures 5-7 show experimental results and the corre-
sponding analytical correlations. For each of these studies, the

parameters for case 1 are shown in Table 1. The parameters
for case 2 and case 3 are the same as for case 1 except as
indicated on each of the plots.

Experimental measurements were performed for a varlety of
parameter configurations and -a wide range of rotor speeds.
Tests were conducted in which one particular parameter was
varied and the responses measured and analyzed at various
rotor speeds for each parameter value. Studies were performed
in which the fuselage stiffnesses, blade lengths, and fuselage
inertias were varied.
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Fig. 8 Stability characteristics of limit cycles for the ground reso-
nance model.

The responses obtained as the y fuselage inertia was varied
are shown in Fig. 5. The amplitudes of the blade-lag and
fuselage motions show excellent correlation with the analyti-
cally predicted responses for a rotor speed range of about
14.5-17.8 rad/s. The lag amplitudes decrease steadily from a
peak response at 14.5 rps to the lowest measureable response
at between 16.8 and 17.8 rps for the different curves. Notice
that the peak responses are at approximately the same loca-
tion, both experimentally and analytically. For the fuselage
motion, good correlation between analytical predictions and
experimental results was obtained, although the results were
slightly better for the x motion. The predicted frequences were
consistently lower by about 10% than the measured frequen-
cies, but the general trend of slightly increasing frequency as
the fuselage inertia is increased is captured very well.

The responses obtained as the blade length was varied are
shown in Fig. 6. The analytical predictions and the measured
responses correlate well. The results are quite interesting. Note
the analytically predicted responses are almost concentric
curves with a center at a rotor speed of about 15.8 rps and a
blade-lag amplitude of 0.085 rad. The measured responses. for
the blade lag amplitudes differ from the predicted values by no

more than 15% with most of the values corresponding almost
exactly. The measured fuselage responses match the analyti-
cally predicted responses quite well. The blade-lag frequencies
are consistently above the predicted values, but the difference
is never more than about 10% and the trend of the experimen-
tal results is followed rather nicely.

The responses obtained for the variation of the x fuselage
spring stiffness are shown in Figs. 7. The experimental and
analytical results again demonstrated an excellent correlation
for the blade-lag amplitudes. The experimental and analyti-
cally predicted responses for the fuselage amplitude also match
very well. The blade-lag frequencies are consistently about 5%
above the predicted values, but the general trend of slightly
increasing frequency as the x fuselage stiffness is decreased is
captured very well by the analysis results.

All of the response plots have several common features. The
responses can be tracked from higher rotor speeds to lower
rotor speeds with relative ease, but difficulty is encountered
when one attempts to track the responses in the opposite direc-
tion. For each of the studies, the responses drop from a finite
amplitude to zero amplitude abruptly rather than in the contin-
uous manner predicted by the analysis. Such behavior was
consistently observed for all tests. A study of the analytically
predicted responses shows clearly why this is true. Each of the
amplitude plots increases smoothly as functions of rotor speed
from the right side to the left but just after the peak response
one observes a rapid falloff of the responses. Numerical inte-
gration of the equations of motion indicates that for the re-
sponses that are triple valued, the middle amplitude response
is unstable and will not be observed. These stability character-
istics are illustrated in Fig. 8. The sudden changes in response
behavior can be associated with transitions in the neighbor-
hood of these unstable responses.

Conclusions

An analysis that treats the problem of a fully nonlinear
helicopter model undergoing ground resonance has been for-
mulated and has been shown to yield accurate predictions of
the oscillation amplitudes experienced by a simple rotorcraft
model. For small oscillations, the fully nonlinear analysis and
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the restricted nonlinear analysis yield essentially identical re-
sults. For moderate motions, the fully nonlinear analysis pro-
duces a far closer match to numerically obtained results. Both
limit-cycle analyses are far more economical to implement
than numerical integrations.

The work has laid out a methodology for attacking complex
nonlinear interactions and obtaining a compact set of equa-
tions for predicting the system’s steady-state response. This
approach should be fully applicable to a wide variety of non-
linear problems, not just rotorcraft related topics. This re-
search clearly demonstrates how nonlinearities can alter the
stability characteristics of a rotorcraft. Inclusion of important
nonlinearities in analytical design studies is essential if stability
and operational integrity is to be assured.
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